We study the variance of sums of indicator functions of sth-power-free polynomials in arithmetic progression and in short-intervals in the context of the ring Fq[t] of polynomials over a finite field Fq of q elements in the limit q → ∞. We use a recent equidistribution result due to N.Katz to express these variances, in terms of matrix integrals over the unitary group, and evaluate them.
Introduction
The goal of this note is to investigate the fluctuation of sums of sth-power-free polynomials for s ≥ 2 in the context of the ring F q [t] of polynomials over a finite field of polynomials of q elements, in the limit q → ∞. Denote by α s , the indicator function of sth-power-free polynomials. We study the variance of the sum of α s in arithmetic progression and in short interval, in the context of the ring F q [t] of polynomials over a finite field F q of q elements, in the limit q → ∞.
sthpower-free polynomials
Let F q be a finite field of an odd cardinality q, and M n be the set of all monic polynomials of degree n with coefficients in F q . A polynomial in F q is a sth-power-free polynomial if every root has multiplicity of atmost s − 1. We denote by α s the indicator function of sthpower-free polynomials. i.e., (2.1) α s = 1 if f is sth-power-free 0 otherwise.
The mean value of α s over all monic polynomials of degree n is defined to be
Let Poly s n (F q ) denote the set of sth-power-free monic polynomials of degree n > 1. Then the total number of monic sth-power-free polynomials of degree n > 1 is given by
The generating function for the number of monic sth-power-free polynomial of degree n is where Z(u) is the Zeta function of F q [t], given by the product over monic irreducible polynomials in F q [t]:
Therefore by expanding and comparing coefficients, we have,
be a square-free polynomial of positive degree. The sum of α s over all monic polynomials of degree n lying in the arithmetic progres-
The average of this sum when we vary A over residue classes coprime to Q is
where Φ(Q) is the number of invertible residues modulo Q. Variance of S αs;n;Q is defined to be the average of the squared difference betweeen S αs;n;Q and its mean value.
is a set of the form
where A ∈ M n and 0 ≤ h ≤ n − 2 and the norm is
The cardinality of such a short interval is #I(A; h) = q h+1 := H.
We define for 1 ≤ h < n and A ∈ M n (2.5)
be the number of sth-power-free polynomials in the interval I(A; h In section 4, we compute the variance of S αs;n;Q and N αs;h .
Dirichlet Characters and Katz's equidistribution results
We recall standard material from Section 3 of [5] and Section 3 of [6] . For, Q(t) ∈ F q [t], a polynomial of positive degree, Φ(Q) is defined as the order of the group (F q [t]/Q) × , that is the number of residues modulo Q which are coprime to Q. A Dirichlet character modulo Q is a homomorphism:
One can extend χ to F q [t] by defining it to vanish on polynomials which are not coprime to Q. A Dirichlet character needs to satisfy the following:
such that f ≡ g mod Q We denote by Γ(Q) the group of all Dirichlet characters modulo Q. Note that |Γ(Q)| is the Euler totient function Φ(Q). The orthogonality relations for Dirichlet characters are:
From this a standard argument shows that,
Recall that a Dirichlet character χ is even if χ(cf ) = χ(f ) for all scalars c ∈ F × q , and we say that χ is "odd" otherwise. The trivial character is denoted by χ 0 . A character χ is primitive if there is no proper divisor Q ′ |Q so that χ(F ) = 1 whenever F is coprime to Q and F = 1 mod Q ′ . Γ prim (Q)-the set of all primitive characters mod Q, |Γ prim (Q)| := Φ prim (Q) Γ ev prim (Q)-the set of primitive even characters mod Q, |Γ ev prim (Q)| := Φ ev prim (Q) Γ odd prim (Q)-the set of primitive odd characters mod Q, |Γ odd prim (Q)| := Φ odd prim (Q) Γ d−prim (Q) -the set of all characters χ modulo Q such that χ d is primitve for the fixed integer d > 0, |Γ d−prim (Q)| := Φ d−prim (Q). Γ d−odd d−prim (Q)-is the set of all characters χ modulo Q such that χ d is primitive and odd for the fixed integer d > 0,
As q → ∞ almost all characters are primitive in the sense that,
the implied constant depending only on degQ. Moreover as q → ∞ with degree Q fixed, almost all characters are primitive and odd.
the implied constant depending only on degree Q. For the number of primitive even characters, we consider the polynomial Q(t) of the form,
Then, the number of primitive even characters modulo t m is Φ ev
Dirichlet L-function. The L-function L(u, χ) associated to a Dirichlet character χ mod Q is defined as the product over all monic irreducibe polynomials in F q [t].
The product is absolutely convergent for |u| < 1/q. If χ = χ 0 is the trivial character modulo Q, then
is a polynomial of degQ ≥ 2, and χ = χ 0 a nontrivial character mod Q, then the L function L(u, χ) is a polynomial in u of degree degQ − 1. Moreover if χ is an even character, then there is a trivial zero at u = 1. We may factor L(u, χ) in terms of inverse roots:
The Riemann Hypothesis proved by Andre Weil (1948), asserts that for each (nonzero) inverse root, either α j (χ) = 1 or |α j (χ)| = q 1 2 . If χ is primitive and odd character modulo Q, then all inverse roots α j have absolute value q 1 2 and for χ primitive and even the same holds except for the trivial zero at 1. We then write the nontrivial inverse roots as α j = q 1 2 e iΘ j and the L-function (for a primitive character χ) is
which determines a unique conjugacy class in the unitary group U (N ), where N = degQ −1 and λ χ = 0 for odd character χ and N = degQ − 2 and for χ even, λ χ = 1. The unitary matrix Θ χ is called the unitarized Frobenius matrix of χ.
Katz equidistribution results. Theorem 3.1.
(1) [1] Fix m ≥ 4. The unitarized Frobenii Θ χ for the family of even primitive characters modT m+1 become equidistributed in the projective unitary group P U (m − 1) of size m − 1, as q goes to ∞.
(2) [3] If m ≥ 5 and in addition the characteristics of the fields F q ≥ 2s + 1, then the set of conjugacy classes (Θ χ , Θ χ 2 , ..., Θ χ s ) become equidistributed in the space of conjugacy classes of the product (P U (m − 1)) s as q goes to infinity.
This theorem enables us to replace the average over primitive even characters modulo T n−h by a matrix integral over the projective unitary group P U (n − h − 2) (in equation (4.11)).
Suppose we are given a sequence of finite fields F q and squarefree polynomials Q(T ) ∈ F q [T ] of degree m. As q → ∞, the conjugacy classes Θ χ with χ running over all primitive odd characters modulo Q, are uniformly distributed in the unitary group U (m − 1). This theorem enables us to replace the average over primitive odd characters modulo polynomial Q of fixed degree N + 1 by a matrix integral over the unitary group U (N ) (in equation (5.8)).
Variance in short intervals
The mean value. The mean value of N αs;h , when we average over A ∈ M n is N αs;h := 1 q n A∈Mn N αs;h (A)
In the rest of this section, we evaluate the variance of the number of sth-power-free polynomials in short intervals given by N αs;h . We apply, [Lemma 5.4, [5] ] which gives an expression for the variance of the short interval sums in terms of sums of certain arithmetic function α, which is nice in the sense, α is even, α is multiplicative and symmetric i.e., α( Since the indicator function for s-power-free polynomial α s satisfies all conditions of α, we safely use [Lemma 5.4, [5] ]. Hence we have the following result. For an even primitive character χ mod t n−h , L(u, χ) has a trivial zero at u = 1, hence we may write (see equation (3. 3))
and writing (with N = degQ − 1)
Abbreviate as follows:
is the unitarized Frobenius class. Therefore the generating function of M(n; α s χ) for χ mod t n−h such that, χ, ..., χ s are primitive and even can be written as follows:
Hence, by expanding and comparing coefficients we have,
where for m ≥ 0
Now back to the variance formula, See, Lemma 4.1, equation(4.1), we can split the sum into two parts: the sum over χ = χ o mod t n−h , χ ∈ Γ ev prim (t n−h ) and the sum over even, non primitive characters mod t n−h . The first sum will give the main term, since most of the even characters are also primitive and the second sum will give an error term. 
For χ even and primitive consider inner sum in the variance formula: Hence we get,
The largest power of q is obtained in the first sum, Hence the contribution of even primitive characters to the Varince formula is
where s(χ, j, k, l) is the lower order term of q by the choice of j, k, l, hence negligible. The above sum after substituting for
By using the equidistribution result Theorem 3.1 (ii) we get (4.11)
It is well known that Λ j and Now, using equations (4.12), sum in equation (4.10) becomes:
Next, it remains to evaluate the sum:
The highest power of q is obtained when 
Variance in arithmetic progressions
Given a polynomial Q ∈ F q [t], the average of S αs;n;Q when we vary A over residue classes coprime to Q equals to (5.1) S αs,n; We present a formula for variance of S αs,n;Q using Dirichlet characters, [ [5] , sec 4.1]. We start with the following expansion, using the first orthogonality relation for Dirichlet characters, on arithmetic progression:
Contribution of trivial character is equal to the average of S αsn;Q (A). Therefore, S αs,n;Q − S αs,n;Q = 1 Φ(Q)
using the above and the second orthogonality relation for Dirichlet character, we have the following expression for the variance. Abbreviate as follows:
Hence for n ≥ N , we have,
Therefore, by using the formula for the variance, given in (5.3), we have V ar(S αs;n;Q ) = 1 Φ(Q) 2 
